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Solutions are  known [1, 2] for  the m o r i o n  of g r o u n d w a t e r  dur ing  

and  a f te r  inf lux a long a strip,  for soils of any  dep th .  The  case  of  i n -  

f in i t e ly  deep  soi l  has also b e e n  cons idered  [3] for a r e c t a n g u l a r  r e -  

g ion .  Here  results are  g iven  for  a r e c t a n g u l a r  r eg ion  of f in i te  dep th .  

The  l inea r i zed  equa t ion  for the  g r o u n d w a t e r  m o t i o n  is 

Oh { 02h Oeh \ 
0-7- = ~ ~ 7 " ~  + -gyry~ ) + f (~' Y, t) 

( ~h" w ( ~ , ~ , t ) )  
a = ~ - ,  /(x, y,  t ) = -  e: ' ( t )  

where  k is the  f i l t r a t ion  coe f f i c i en t ,  h '  is the  m e a n  he igh t  of the soil  

f low, o is the  s a tu ra t i on  def ic i t ,  and W is the  d i f f e r ence  be tween  i n -  

f i l t r a t ion  and evapo ra t i on .  Consider  an  unbounded  reg ion  in the  xy  

p lane;  over  a c e r t a i n  par t  there  is inf lux .  The i n i t i a l  fo rm for the  sur-  

f a c e  of the  g r o u n d w a t e r  f low is h(x,  y,  0) = ha(x, y) ,  and the  solut ion to 

(I) is 

h (x, y, t) = ~ exp ~ ho (z~, YO dx~dyx + 
--oo --co 

, 

r-" = (z - -  z,)~ + (y - -  yO ~ . (2) 

D e c a y  of a r ise .  If i n f i l t r a t ion  and e v a p o r a t i o n  a re  n e g l e c t e d ,  the  

f irst  t e r m  in  (2) def ines  the  shape.  Consider  the  case  of a r e c t a n g u l a r  

pa ra l l e l ep iped :  

h o ( x , y )  = 11o = const ,  I z I ~ R ,  I Y l ~ R 1  

h o(x,  y) = 111 = const ,  l x I > R 1 ,  [ Y I > R I .  

Then  the  solut ion is 

h (x, y, t) = l l l  + H ~  g[ erf ~ R - -  x + e r r  ~ R - ~ - x  ] •  

X err ~ q - e r f  2 V ' ~  J '  (3) 

We in t roduce  the d imens ionless  quan t i t i e s  

x y 4at R1 
tt -- ~' ~ [  = rl, x = -h-~, " - -  R ' 

h (x, y, t ) -  [I~ 
U (~, % x) - Ho - -  11~ 

whereupon  (3) b e c o m e s  

U(~,  rl, 'r)=~-[erf ~--"~-i e r f~ ]X  

(4) 

For n = ,o (case  of a strip - R  ~- x ~- R) we h a v e  

~+~l (5) 

Formula  (4) becomes  as fol lows for the  cen te r  of the  r e c t a n g l e  for 

g = 0 ,  ~ /=0:  

t n 
U (~) = err -~ - /=  erf ,T= ' - '  (6) 

Vx V x  

If n = 1 we h a v e  a square ,  whi le  for n = 2, 3 . . . .  we h a v e  r e c -  

tangles ,  and for n = r162 we h a v e  a strip.  Also, U(r) ~ 4n/~rr  for r l a rge .  

F igure  1 shows curves  for the  d e c l i n e  in the  m a x i m u m  of U = 

= U ( r ;  n) der ived  f rom (6) v i a  t ab les  for  n = l ,  2,  3, 4,  a n d s .  The  

curves  f a l l  s teeply  i n i t i a l l y ,  but  then  m o r e  s lowly.  Even for n = 2, 

the  cu rve  a t  the  s tar t  is qu i te  c lose  to tha t  for  n = ~ ,  whi le  a t  r of  

7 - 8  the  cu rve  for  n = 2 l ies a lmos t  h a l f w a y  b e t w e e n  those  for n = t 

and n = ~o, though  la te r  i t  tends to  a p p r o a c h  the  l ine  for n = 1. 

The  l ine  for a = 3 l ies ve ry  c lose  to  those  for n = 4 and n = ~ a t  T 

of  3 - 4 ,  but  some  s epa ra t i on  occurs  for ~- of 6 - 7 .  The  l ine  for  n = 4 

lies even  c loser  to t ha t  for n = ~, at  r of  5 - 6  but  dev ia t e s  a p p r e c i a b l y  

a t  r of  7 - 8 .  The  l ines for  n of 3 and  4 are  c lose  to  the  l ine  for  n = *% 

as the  t a b l e  shows. 

n ~ l  n ~ 2  n ~ 3  n ~ 4  n ~ r  

0 
0 .5  
t 
t . 5  
2 .0  
2 .5  
3 ,0  
3 . 5  
4 .0  
5 .0  
6 .0  
7 .0  
8 .0  
9 .0  

i 
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0 .438 
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Figure  2 g ives  curves  for a rise tha t  is i n i t i a l l y  represen ted  by  a 

square  c o l u m n ,  n = 1 in (4), for  severa l  ~, and  also for n = o~ [ f rom 

(5)] for ~- of 1 and 4 .  The  curves  for n = 1 show tha t  U in i t i a l l y  fal ls  

r ap id ly  as r i nc reases  for ~ = 0 and t ha t  t h e r e  is an  a p p r e c i a b l e  rise in 

the  g r o u n d w a t e r  for  g > 1, e . g . ,  for  g = 2. The  s a m e  g e n e r a l  p i c tu r e  

app l i e s  for n > 1, but  with a less rap id  d e c l i n e .  

The  contours  for n = 1 tend to b e c o m e  c i rc les  as we r e c e d e  f rom 

the  cen te r ,  and t hey  b e c o m e  even  c loser  to c i rc les  for r l a rge .  
In l a rge  i r r i ga t ed  areas ,  the  rises d u e  to  i r r i ga t i on  m a y  no t  h a v e  

t i m e  to  vanish not  only f r o m  one  f looding  to the  nex t  but  even  f rom 

y e a r  to yea r ,  e . g . ,  when the re  are  s eve ra l  l a rge  f loodings  in a season 

or m u c h  a t m o s p h e r i c  p r ec ip i t a t i on .  

Consider  the  case  R = 100 m ,  a = 2000 m Z / d a y ;  then  t = 1.25 r .  

We d e d u c e  the  t i m e  needed  for the  h e i g h t  of the  peak  to fa l l  by a 

f ac to r  of 10, i .  e . ,  to g ive  U = 0 . 1  (Fig.  2), as r = 11, 1 for  a square  and 
r = 123 for n = ,o, i . e . ,  14 and  154 days  r e spec t i ve ly .  

A fur ther  i n s t ance  where  the  so lu t ion  to (1) is ob t a ined  in s imp le  

form is when 

ho (x, y) = A exp {--coax ~ -- ~Y~} , (7) 

we have  

h (x, y, t ) =  

O ( a ,  t )  = I ~- 4a~at, 
O ($, t) = t + %a~at. (8) 

If h0(x, y) is the sum of severa l  componen t s ,  h(x, y ,  t) will  be the 

sum of  the cor responding  c o m p o n e n t s .  ]?he peak  in the  r ise decays ,  

but  the  o ther  o rd ina tes  m a y  inc rease  s o m e w h a t ,  s ince  the  to t a l  v o l u m e  

of the  i ncompres s ib l e  f lu id  is cons tan t .  One rise ac t s  on ano the r  to i n -  

c rease  the  o rd ina tes  and  d e l a y  the  d e c l i n e .  

I r r iga t ion  of a t e e t angu la r  a r e a .  The  i r r iga t ion  is assumed to occur  

a t  a cons tan t  r a te ,  i . e . ,  the  f ( x ,  y,  t) of  (2) is i n d e p e n d e n t  of t .  Then  
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we can put  t - tr = t '  in the in tegra l  and, taking ha(x, y) = 0, we have  h (0, 0, t) - -  Ho (t) 

A (x, y, t) = 4~-a I exp -- [ ( ~ -  ~)~ + ( y -  n)~l 4at" X 
0 . . - o o ~  

Xf(~ ,  n)d~ t in.  (9) 

We assume that  the i r r iga t ion  is performed from the surface of a 

r ec t ang le  -R  --< x -< R, -R1 -< y --< R1 above which W ; s = constant ,  

with W = 0 outside the rec tangle .  Then (9), with ha(x, y) = H0, g ives  

t R 

h ( x , y ,  t ) = ~  ~ exp d ~ x  
0 - R  

R ,  

f _ (y -- ro'~ • exp 4a:" drl + H• 
-1{1 

By analogy with the decay problem,  we have  

t 

n (x, y ,  t) = H o +  erf  ~ + e r f 2  ] f E E / >  
0 

X (eft  B1-- y 7~1 + y ~ dt ~ + e ~ f  _~V~] " 
(lO) 

At the center  of the rec tang le  (x = y = 0) 

t 

h ( 0 , 0 ,  t ) = H o + ~ -  err ~ e r f  dr. 
o 

The arguments  of the cofactors in She in tegra l  are large  for t smal l ,  
while these eofactors the lnse lves  are close to 1 and may  be put as 

co 

err x = t -- erfe x, erfe x = e-;" d'~. 

We apply the asympto t ic  formula  

e - x  ~ 
erfe x - -  ( t  - -  t _ 9 - 7 §  

N~ . 6 - -  --~-- ['/ (a) @ f ((~1)] - -  2tf i  ( ~ )  } ,  

e -~ '  2e - ~  , 2 " g ' ~  . 
/ (a) = -gg -  + T -t- T eric ~, 

/1 ([3) = - - ~  @ e -~ - -  ~E i ( - -  ~), 

B R~ B~ + Rx" 

This shows that  the censer rises uniformly at a ra te  r  for t smal l .  

The durat ion of this s tage of uniform accumula t i on  is dependent  on 

the s ize  of the i r r igated area,  be ing la rges t  for a g i v e n  R when R 1 = oo 
(strip). In that  case,  the exac t  equat ion  has [1] the s imple  form 

at 
.r = R--i-. 

The l ine  u(0, T) devia tes  from a s t ra ight  l ine  for ~" > 0.1. 

EXamples. In two ad jacent  parts of width 2R we have  s imul taneous  

i r r iga t ion  a t  ra tes  s and 1.Se. The  water  is  cn~ off a t  a ce r t a in  t ime .  
Here we represent  the r ise at  tha t  instant  v ia  (7), whi le  the decay  is 

def ined by (8). Figure 3 shows the curves for t of 0, 1, and 4. The 

dashed l ines  represent  the results of addi t ion  for the curves for the 
free surface.  I t  is c lear  tha t  the water  t ab le  rises at  l a rge  dis tances  

from the i r r igated areas.  
I am indebted  to P. Ya. Kochina for assis tance and d i rec t ion  in 

this work. 
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in which the error does not exceed  the first t e rm discarded.  We dis-  
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